
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



( tjtfl ) 



II. The DoBrine of Combinations and Alternations, Im~ 
provd and Compleated, hy Major Edward Thorny- 
croft. 



IN order to underftand what follows, it muft be obfer- 
ved, 

ift, That as in the notation of Powers, aaa a b b bcc 
is defign'd by a* b c% and univerfally p times the pofition 
of a, q times the pofition of b, r times the pofition of c, 
by a* d? c c , fo in things expos'd likewife : ( unlefs where 
'tis propos'd they mould be all different) which Indices, 
as they have here no relation to Powers, but expreft only 
the Occurrences of thofe things. to which they refpe&ively 
belong 5 I therefore call Indices of Occurrences. 

2dly, That as often as I (hall hereafter mention the 
Combinations or Alternations of the p 9 q* r s or s 9 , (which 
confider'd by themfelves are capable of no variation) I 
mean of thofe things whofe Indices they are. 

gdly, That m is generally put for the whole number of 
things expos'd, whether all different or not, *'. e. equal to 
the fum of their Indices $ and n, for fuch a number of 
them, as each Combination and Alternation muft confift of $ 
(unlefs prefuppofed equal) which explains what is hereaf- 
ter meant by. the Combinations and Alternations of m things 
taken n and n 3 or of rri things taken m and m 3 and the 
like Expreffion, by whatever Symbols the number of things 
out of which the Combinations and Alternations are to 
be made, or of which they are to coniift, may be de- 
fign'd. 

Aaaaaaaaaaa Lmra t 
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Lemma, ift. 

If in a right Line, at any diftances, be plac'd any num- 
ber of things, abed, &c. the number of the Intervals 
ab, be, cd, &c. terminated each by two adjacent things, 
is one lefs than the number of things. 

For, whereas every Interval is terminated by two ad- 
jacent things, if to any number of things, be added one 
thing more, one Interval only is thereby added. Q.E.D. 

Lemma 2d. 

The number of the Alternations of m things abed, &c, 
different each from ether, taken m and m, is m times the 
number of the Alternations of m— 1 things a be, taken 
m— 1 and m — 1. 

For, ("by Lem. iftj the laft Letter d, befides thepofition 
it hath, may have m— 2 pofitions, viz,, in the Intervals 
which are between m— 1 things a-be 3 but it may alfo 
have one more, for it may be put firft of all, it may there- 
fore have m pofitions 5 and thofe in all the different Or- 
ders, whereof m— 1 things are capable 5 which being all 
the poffible pofitions of d, in all- the varieties of a be, is all 
the variety whereof the whole number- of things expofed 
abed, &c. is capable. Q.E.D, 

Lemma 3d. 

The number of the Alternations of m things abed, &c. 
different each from other, taken m and m, is equal torn* 
m— ix mm— 2 * m— 2 * m—^&c. continued to m places. 

For let mO, expreft the number of the A lternations of 

earnings different each from other; m— 1 O, of m 1 

things and the like. 

Tis evident that if m.= 1, It will be m O = mj for 
there can be but one order of one thing. 

And if ffibe greater than unity, then will ir be(hf Lem.2) 
mO=iD» not— 1 = m « m— 1 * m— 2 O = in * m— 1 * 

m-— 2 
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01^2 * m— 3 O =, &c. till we have an Equation con- 
fiding of m places $ i, e. = m x m — 1 x m— 2 * m-— 3 * 
^r. continu d to m places. Q.* E D. 

Lemma, 4th. 
If m» Exprefs the number of the Alternations of m 
things a? b p cte e^i'&c. taken m and m, and * the number 
of p», # the number of q*, y the number of r«, it will be 

m«m~i x m— » * m— I * ta— 4 * m-~i x fcc. c ootiou'd to ffi places, 
* "^ pXp_ixp.-2X&c.*X9 x <j«ix8«. # xrxr-jx"3K, 7 ewh Seria continued to 

p, q, r, <&c. places refpe&ively. 

For the number of the Alternations of any number of 
things, however divided into parts, is produced by a con- 
tinual Multiplication of the Alternations of thofq things a- 
mongftthemfelvesrefpe<aively,which compofeeach part,into 
the number of their Alternations oneamongft the other; i, e» 
in theprefent cafe ("the feveral occurrences being fuppofed 
to compofe thefeveral parts, and confequently the number 
of the Alternations of the things compofing each part equal 
to unityj m » = to the number of the Alternations of the 
things compofing the parts one amongft the other $ but the 
number of their Alternations one amongft the other, is the 
fame in this cafe, as if the things expos'd, being all different, 
were divided into the fame parts$ for the things which 
compofe each part in both cafes, are different from the reft 
of the things expos'd $ *. e. by Lent. 3d. 

n- x .-.r x m ;•> x, rn-' * •"•-« x ir.-< x f.-r lYwrow d tom place! 
01 * — p * p - t x ii - Tx^4«"x"s"q- : i x &ci g xrxr-'.ix'&c;^ etch Met tttiliiwcj 

to p, q, r places refpedfcively. Q. E. D. 

Lemma 5th.' 
The number of the Combinations of m things a be d, 
&c. different each from other, taken n and n, is equal to 
»x „,..! * m~i x nv-j x &c. eac jj Series continued to n places 

For it the" things expos d be divided in two parts, w«. 

in'the ratio of p and m— n, 'ris evident that their different 

A a a a a a a a a a a a 2 Com*. 
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binations taken n and^n, are produc'd by the Alternations 
of the things composing the parts one amongft the other : 
And therefore the number of thofe ■'== to the number of 
theft- .= to the number of the Alternations of m things 
taken m. and ra, the Indices of whofe occurrences are n 

1 m x m — t * a— 2 * m — 3 * Se c continued to m placet 

ana HI— n = ~ n x n __ r x ^ x m _ E x m „ n _ I x xc.eachSerieiconcwuedton'ano'ni--n 

places refpe&ivejy (by Lew. 4th/) i. e. becaufe n -f m— n 
_ ?»"' m ~ 2 ; *-' 3 * c - each Series continued to n places 

n x n-iXn-2 x u— j «c. ■ * 

Q. E. D. 

But the number of the Alternations in every Combina- 
tion is ..=' n x n — 1 * n — 2 * n—gx, &c. continued to 
n places, by Lew, 3d therefore. 

Lem#/a 6th. 
The number of the Alternations of m things a be d, &c. 
different each from other, taken n and n, is == m x m — 1 
* m — 2 '* m — 3 *, dv. continued to n places. Q. E. D. 

Scholium. 

Since in the things expos'd the fame things may occur 
more than once, and alfo n be lefs than m, the Indices of 
the occurrences which are in fome of the Combinations of 
tn things taken n and n, may differ from thofe which are 
in others 5 but thofe Combinations, the Indices of whofe 
occurrences are the feme, are faid to be in the fame form : 
Therefore whereas n is equal to the fum of the Indices 
which are in each Combination taken n and n, if n be 
exprefs'd by all the different Combinations of fuch Indices 
only (being integer numbers) whereof no one may exceed 
the higheft Index of the things expos'd, and being more 
than one in a Combination, are each of them, which are 
in the fame Combination, comprehended in a diftind In- 
dex thereof 5 thefe Expreffions of n will necefiarily be the 
feveral forms of the Combinations taken n and n, where- 
of m things are capable : Whence is derived a General 

The. 



Theorem for finding the Combinations and Alternations 
of m things taked n and n univerfally : i. e. Whether m 
confift of things all different or not, and whether n be 
equal to, or lefs than m. 

Theorem. 

If n be exprefs'd, according to all the different Forms 

of Combination which the things expos'd are capable of, 

f p = the higheft Index f * = the number of p s }I n every 

_„j jq =the next higheft J& = the number of q^form of 

!r =s the next higheft y* — the number of r 3 f Co.nbi- 
f = the next higheft ( / = the number of {' jnatioji. 
&c. 
'A = the number of.all Indices not lefs than pi Which are 
)B == the number of all Indices not lefs than qf in the 
>C = the number of all Indices not lefs than rf things 
D = the number of all Indices not lefs than f j Expos'd 
&c. 
and b = * + js } c .= b + y , d = c -V J*, &c< 

I fay the number of the Combinations of m things ta- 
ken n and n, in any one Form of Combination, fhall be 
Ax A— ix A — 2 . B— **B~*~i ,. C -b » G-b~r 

-" ■ : — J& c ' * »-■ r """"; — _ * vc. * : : — "~ 

a x a —~ t x * — 2 $ x g ~ i y * y ■ — * i 

D—c x £)~""c i 

* &c. x-r- — r— *- &c> continued to fo many Terms 

v / X J> — I J 

as there are different Indices in the form of Combination 
and each Term to '«, jg, y , f, &c> places refpe&ivaly, and 
this number multiply'd into 

xn-t x n -a x p-j»ii-{ * n-< « n-;; x n --6 See, continued to n places, 
px p.- i + p-a X &c| * qx"q--« x& [" x ,» r „[ x iccl' x Sccctch Series cont'nued top.qft 

&c. places refpe&ively, fhall be the number of their Alter- 
nations* 

But the fum of all the Combinations and Alternations 
which are in every Form of n, (hall be the whole number 
of Combinations and Alternations of rn things taken n 
and n. 
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Demotrjiratiori. 

Firft, Then 'tis evident, that thofe Combinations, which 
are in different forms, differ from each other. 

Again, 'Tis evident that the Combinations of m things, 
as a? b cp dp e^'f" 1 g q h< i r , &c (the Indices Amply confl- 
der'd) taken n and n, in a form wherein are p? q'and r», 
lhallbe equal to the number of the Combinations or the p s , 
which are in the things expos'd, taken *and«, multiply^! 
into the number of the Combinations of the q« taken /s and ft 
multiply'd into the number of the Combinations of the r* 
taken y andy. 

Butbecaufe p and all lefier Indices a/e comprehended in 
every Index which is greater than rbemfelves 5 therefore is 
A = to the number of p' which arejn the things exposYf, 
and for the Fame reafon, would B m the number of the 
q', and C the number of r* : But the number of the p*, 
which are in every form of Combination, is ■"= * •, there- 
fore is B— * = to the number of q 8 5 alfo becaufe the 
number of p« and q s together, which are in every form of 
Combination, wherein there are q s , is =?■ * + =| b $ 
therefore is G — b . == to the number of r ! , and (o on, how 
many foever were the different Indices in any form of Com- 
bination. 

But (by htm. 5th.) the number of the Combinations of 
the p*, which are in the things expos'd, whofe number is 

A x A ■■■■ - ■ ■ t x A - "? '*: 

A, taken * and «,is = ZTZZT7T^~ 2 & c ' c <>ntinu*d to 
* nlaces. and the number of the Combinations of the q', 
whofe number is B— *, taken and £, is == 'J.*j mmm ^ ==L 
1 B ~~* 2 & c . continued to g places, and the number 

H ft —2 

of the Combinations of the r«, whofe number is C— b* 

taken? and >, is ~- ~V. C ^ b ~"' t &c ' continued toy 
places Q. E. D, But 
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But every Combination, in one and the fame form, af- 
fords the lame number of "Alternations : Therefore, the 
number at Alternations, in any one form, is fo many times 
the number of Combinations, as is the number of Alter- 
nations in any one of thcie Combinations. 

But (by lem. 4th) the number of Alternations in any 
of thofe Combinations (hall be 

n x n— t * n— 2 x 11-5 x :•■-*, 4-«--j x r/-s x &c, continued ton ptacei 

p x f _i. x p-2 x 6cc.r * qK<j~2X8cc.|™ K 'xr-ix&c.l3' * each Seiia continued to pqr&c. 

places refpe&ively. Q. E. D. 

Now to make an application of this general Rule tothof« 
particular cafes which have already been confider'd by o- 
thers, and which are contain'd in our 3d, 4th, 5th and 6th 
Lemma's, and by us more generally demonftrated ; I fay 

If n = m, there can be but ohc form of Combination, 
and but one Combination in that form - y and therefore the 

ta x m--T x m -i x m--3 x m— 4 * &y.co'-r'ri M tn m yUcy 

number of Alternations = p x — ; ~ t « x qxq ,., x8cC( 1 x r Tc£|>* 
&c. each Series to p q r, &c. places refpedtively, *'. <\ 
(if prr i) = m * m— i * m— -2 * m— 3 « m~4 * &c- 
continu'd to m places, which are the cafes of the 4th and 
3d Lemmas. 

But if the things expos'd are all different, and n be lefs 
than m, which is the cafe of the 5th and 6th Lemma's, 
then alfo can there be but one form of Combination, and 
it will be Ar= m 8c « = n, and the whole number of Com- 
A „ A— 1 * A — 2 * &c. . _ m »m-i »m -~2 *&V 
binations =^!T :: T^7^2^Wc, '' e ' ~n * 11—1 « n — 2 «eft 
each Series continued to n places, and therefore the num- 
ber of Alternations = m x m — 1. * m— 2 * &e> continu'd 

to n places. 

But fully to Illuftrate this Theorem, which, as deliver- 
ed in general, may feem fomewhat too Abftra&ed, to be 
commonly underftood, I (hall fubjoyn one fhort Exam- 
ple. 



E 
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Example. 

Let the things expos'd be a a a b b b cc, or according to 
our way oi notation a' b J c 2 5 'Tis requir'd to find the num- 
ber of their Combinations and Alternations taken 4 and 4. 

Then (becaufe in the things expos'd, there is no one 
thing occurs more than thrice, nor more than three things 
different from each other) will all the forms of Combinati- 
on, which the things expos'd are capable of^ be thefe, 

<\3 • * > 
viz. <i . 2 >Then 

C2 . i . 1) 

In the ift form will p = 3, q = 1, *r== i, — 1, A = a, B == % 

In the 2d form will p ■= i, ■ , * — 2, — , A "=. 3, ■— —— 

In the 3d form will p = 2, q = 1, *== 1, — 2, A •== 3, B = 5 

The number of Combinati- _ jL * ^— * =-JL- «.-'* '■— ± 
ons in the ill form * 1 1 

The number of Combinati- _ A x A — 1 _ 3 * 2 __ , 
ons in the fecond form « x * — 1" 2* 1 ■**"* * 

The number of Combina- _ A ir B—* x B~*~ 1 __ a x 1 _ 
tions in the 3d form * "" * 0m*~i 2«j 

And the whole number of Combinations =t 10 
Alfo the number of Alternations. 

Intheiftform=4'<^- 7 p]*, q iS==4' t rrrr I |iK == 4' < 4=^ 
In the 2d form = 3 * ^-zz^ =4*— ; » = 3 * 6— 18 

^ p X p-ll ** t 2X1J -» 

n x n-i x n-3 x n--j 4*3 »}Xi 

In the 3d form =3 *— ,„ x ^ =3 »^,. KI «=3 *ia=3* 
And the whole number of Alternations = 70 

Many are the Properties of this Theorem, in common 
with others, as, To find the Vncis of a Multinomial 

rais'd 



raisd to any integer power. To raifc an Infinite Series to 
an integer power, though of an interrupted Order, with- 
out introducing any thing immaterial, or which mud af- 
terwards be expung'd ; and many others. But then fo 
many Terms of the Series mutt be taken in at firft as (hall 
ferve to the purpofes of the intended approximation, 
otherwife as often as it (fell fall (hort of that, the Opera- 
tion muft be began de novo. 

Manylikewife are the Properties peculiar to this Theorem, 
and great Variety of Problems might be fram'd $ and I 
fcruple not to fay, many may occur -in Practice, which 
are folvable by this, and no other Method whatever. 

Hence may be found the number of Words whereof the 
24 Letters are capable, from one Letter in each Word, to 
any number of Letters giver?; 

Hence may be found the number of all Numbers, to 
any given number of Places, which may be produe'd from 
any number of Figures given. 

Hence alfo the Compafs of a Mufical Inftrument being 
given, the Time and number of the Bars, whereof each 
Tune (hall confift, the number of Tunes may be found 
which that Inftrument is capable of. 

To give an inftanee of the prodigious variety that there 
is in Mufick, I have Calculated the number of Tunes in 
Common Time, confifting of eight Bars each, which rosy 
be play'd on an Inftrument of one Note Compafs only, 
and it is this, m%. 27584. 270157. 013570. 368586. 
999728. 299176. whereas the Changes on 24 Bells is but 
620448. 401733, 239439. 360000, which is but 

__*.__. of the number of Tunes, and yer Ds 

444588. 604583 ' • 

Wailis in his Algebra demonftrates, could not be dilp.-ji.di <i 

in 31557. 600000. 000000 years. 

If then the Inftrumenr were of as many Note?; < r ' 

as any Inftrument now in ufe, how prodiai; a< ;/ :•;■.• '* 

Bbb-bbbbbbbbb " 
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number of Tunes be encereas'd $ the Calculation of which 
(tho much more intricate and operofe) would be equally 
attainable by -our: Theorem.. 



III. Of Ojfifications or Petri 'faclions in the Coats of 
Arteries, particularly in the FalVes of the Great Ar- 
tery », by William Cowper, Surgeon, and F. %. S. 

HOw far Anatomical Enquiries inform in the true 
caufes of Difeafes, which have been afcribed to 
the want of Spirits in fome,and Radical Moifturein Aged 
People, &c. may be in fome meafure feen by two Ob- 
fervations, among others, publifht in the Tranfaftions 
No 280: The firft there mentioned, pag. 1195, is of a 
young Gentlewoman, in whom the Parietes, or Mem- 
branes, that compote the Trunks of the Arteries of the 
Arm near the Axilla^ being very much thickened, fothat 
the Diameter of its Bore was leffened to more than a third 
part of its natural fize $ infomuch that a part of the 
Trunk of the Artery cut Tranfverfel very much refem- 
bled a bit of the ftem of a Tobacco-pipe, its fides were 
fo thick, and its Bore confequently fo much leflened : 
The other was of the Trunks of the Arteries of the Leg, 
pag. ib. that were Obftru&ed by Petrifactions or Oflifi- 
cacions, in a perfon about the 67th year of his Age. 
Since which I have met with feveral of the like Inftances 
in people of years, particularly in the Leg of an old 
Gentleman, whofe Toes and Foot were Sphacelated, the 
Arteries of whofe Leg I have ftill by me, and have fent 
them herewith Injeded, as much as they could be, with 
Red Wax 3 in which the Offifications diminifhing their 
Channels in fome places, and totally obftru&ing them in 

others.* 



